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Abstract
We analiyze the shadow of charged stationary axially symmetric space-time (Kerr-Sen dilaton-
axion black hole). This black hole is defined by a mass M , a spin a and rα =
Q2
M
, where Q is
the electric charge. Shadows are investigated in two conditions, i) for an observer at infinity in
vacuum and ii) for an observer at infinity in the presence of plasma with radial power-low density.
In vacuum, the shadow of this black hole depends on charge and spin parameter. We can see
that, increasing electric charge Q, decreases the size of shadow. Also, increasing spin parameter a,
decreases the size of shadow. However, in existence of plasma, parameter of plasma like refraction
index, playing an important role on shadows. In fact, decreasing refraction index n, decreases the
size of shadow.
∗Electronic address: rsk@guilan.ac.ir
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1. INTRODUCTION
A black hole is a part of space-time, which displays powerful gravitational effects that
nothing, including particles and electromagnetic radiation, such as light, can escape from in-
side it [1]. Also, detecting black holes is an interesting issue, which attracts lots of researchers
and scientists, who provide lots of articles and literatures. However, lack of observational
data is one of the most important problems in gathering information about black holes.
In this context, General Relativity predicts two methods for observing black hole, which
are called gravitational lensing [2] , [3] and detection of gravitational waves [4]. Nowadays,
obtaining data about Sagittarius A*, a possible black hole in the center of the Milky Way,
is an interesting subject. As a result, two groups were formed with the objective to see
the possible black hole in the center of the Milky Way, these groups are known as Event
Horizon Telescope (EHT) [5, 6] and BlackHoleCam (BHC) [7]. The goal of these groups is
detecting the shadow of the possible black hole in the center of the Milky Way. The concept
of shadow is explained in following. If a source of light and an observer placed on rL and
rO from a black hole respectively, with the term of rL > rO, the sky of observer has two
condition. First, the sky of observer will be dark if the light rays go to the event horizon of
black hole and they do not come back to the light source. On the other hand, the sky of
observer will be bright, when the light rays are deflected by the black hole and they come
back to the light source. Shadow is the darkness of the observer’s sky [8]. The shadow of
different space-time has been analyzed in various articles. In fact, investigating the black
hole’s shadow, can improve our information about it. Surveys show that, the shadow of a
Schwarzschild black hole is circular and it has photon sphere [9], while the shadow of a Kerr
black hole is not circular and it has photon region [10]. Some of the study of the black hole’s
shadow are, Kerr [11–13], Kerr- Newman [14], Randall-Sundrum braneworld [15], black holes
in f(R) gravity [18], multi-black hole [17] and black hole in extended Chern-Simons modified
gravity [16].
In this paper, we come with the idea that, the possible black hole in the center of the Milky
Way (Sagittarius A* ), is Kerr-Sen dilaton-axion black hole, which was introduced by Sen [19]
in 1992. The solution made of the classical equation of motion for heterotic string theory
in the low energy effective field. It had been started from a Kerr black hole with twisting
method, as a result, sometimes it is named twisted Kerr black hole. Some properties like,
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Thermodynamic [20, 21], astrophysical consequences [22–25], hidden symmetries, photon
capture [26] and geodesic motion [27] in Kerr-Sen dilaton-axion black hole have been studied.
In this paper, we investigate the shadow of Kerr-Sen dilaton-axion black hole, for this purpose
our paper is organized as follow, in Sect. 2, we summarize the properties of Kerr-Sen dilaton-
axion black hole, in Sect. 3, we study the geodesic equation of this black hole. We study
the shadow for an observer at r =∞ in Sect.4. The shadow of black hole in the presence of
plasma, has been analyzed in Sect. 5 and our results conclude in Sect. 6.
2. METRIC
In this section, we study the charged, stationary, axially-symmetric solution [28] of the
field equations which was found by Sen. This solution was constructed using space duality
and the classical Kerr solution. So, the line element in Boyer–Lindquist coordinates is
written as,
ds2 = −
(
1− 2Mr
ρ2
)
dt2 +
ρ2
∆
dr2 + ρ2dθ2 − 4Mra sin
2 θ
ρ2
dtdϕ
+
(
r(r + rα) + a
2 +
2Mra2 sin2 θ
ρ2
)
sin2 θdϕ2, (1)
where
∆r = r(r + rα)− 2Mr + a2, (2)
ρ2 = r(r + rα) + a
2 cos2 θ, (3)
M is the mass, rα =
Q2
M
, where Q is the charge and a = J/M is the angular momentum of
the black hole. The Kerr-Sen black hole converts to the Gibbons-Maeda-Garfinkle-Horowitz-
Strominger (GMGHS) black hole, when a = 0, and in the case of rα = 0 this black hole is
Kerr. If both a and rα are equal to zero then it is Schwarzschild black hole.
3. THE GEODESIC EQUATIONS
In this section, the geodesic equation of the Kerr-Sen dilaton-axion black holes are studied.
The Hamilton–Jacobi equation
∂S
∂τ
+
1
2
gij
∂S
∂xi
∂S
∂xj
= 0 (4)
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can be solved with an ansatz for the action
S =
1
2
ετ − Et+ Lzφ+ Sθ(θ) + Sr(r). (5)
The energy E and the angular momentum L which are given by Pt and Pφ are the constants
of motion,
Pt = gttt˙ + gtϕϕ˙ = −E, Pφ = gϕϕϕ˙+ gtϕt˙ = L. (6)
Using Eqs. (4)–(6) we have
−∆r
(ds
dr
)2 − εr2 + 1
∆r
(
(a2 + r(r + rα))E − aL
)2 − (aE − L)2 =
(ds
dθ
)2
+ εa2cos2θ +
( L2
sin2θ
− a2E2
)
cos2θ, (7)
where, each side of Eq.(7) depends only on r or θ. Using the Carter [29] constant and the
separation ansatz Eq.(5) we have the equations of motion:
ρ4(
dr
dτ
)2 = −∆r(K + εr(r + rα)) +
(
(a2 + r(r + rα))E − aL
)2
= R(r), (8)
ρ4(
dθ
dτ
)2 = ∆θ(K − εa2cos2θ)−
1
sin2θ
(
aEsin2θ − L)2 = Θ(θ), (9)
ρ2(
dϕ
dτ
) =
a
∆r
(
(a2 + r(r + rα))E − aL
)
− 1
sin2θ
(aEsin2θ − L), (10)
ρ2(
dt
dτ
) =
(a2 + r(r + rα))
∆r
(
(a2 + r(r + rα))E − aL
)
− a(aEsin2θ − L). (11)
For studying the shadow null geodesic is important, so we put ε=0 and we have
ρ4(
dr
dτ
)2 = −∆rK +
(
(a2 + r(r + rα))E − aL
)2
= R(r), (12)
ρ4(
dθ
dτ
)2 = ∆θK −
1
sin2θ
(
aEsin2θ − L)2 = Θ(θ), (13)
ρ2(
dϕ
dτ
) =
a
∆r
(
(a2 + r(r + rα))E − aL
)
− 1
sin2θ
(aEsin2θ − L), (14)
ρ2(
dt
dτ
) =
(a2 + r(r + rα))
∆r
(
(a2 + r(r + rα))E − aL
)
− a(aEsin2θ − L). (15)
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Introducing dimensionless quantities i.e. ξ = L
E
and η = K
E2
, which are constant along the
geodesics, Eq. (12) becomes as,
ρ4(
dr
dτ
)2 = −∆r(ηE2) +
(
(a2 + r(r + rα))E − a(ξE)
)2
= R(r) (16)
For circular motion of the particles, the effective potential is useful tool that needs to be
investigated, so we obtain [30]
ρ4(
dr
dτ
)2 + Veff = 0. (17)
As a result,
Veff = ∆r(ηE
2)−
(
(a2 + r(r + rα))E − a(ξE)
)2
. (18)
For finding ξ and η, we analyze circular orbits of the photons [31]
Veff = 0,
dVeff
dr
= 0. (19)
These conditions are equivalent to R(r) = 0 and
dR(r)
dr
= 0. So, we can obtain the constant
of motion i.e. η and ξ, using Eqs. (18) and (19).
4. SHADOW FOR AN OBSERVER AT r →∞
In this section, we analyze the shadow of black holes for an observer, which is placed in
r =∞ in vacuum, so the celestial coordinate α and β are introduced as [32]
α = lim
rO−→∞
(r2O sin(θO)
dϕ
dr
), (20)
and
β = lim
rO−→∞
r2O
dθ
dr
, (21)
where, θO is the angle between the rotation axis of the black hole and the line of sight of
the observer. Considering the situation rO → ∞ and θO =
pi
2
and using Eq. (12)– (15) , α
and β are equal to
α = −ξ, (22)
and
β = ±√η. (23)
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By above conditions, for obtaining the black hole’s shadow, we plot β versus α. In Fig. 1
different values of the rotation parameter (a ) and electric charge (Q) are represented. We
show that, by changing a and Q, the symmetry and size of the black hole’s shadow, will
change. In fact, the size of shadow decreases by increasing Q and the shadow’s symmetry
of the black hole, decreases by increasing a.
(a) (b)
(c) (d)
FIG. 1: The image of black hole’s shadow in Kerr-Sen Dilaton-Axion black hole for different values of rotation parameters,
a = 0, a = 0.5, a = 0.7 and a = 1 for (a), (b), (c) and (d) respectively. For each value of a, Q = 0(blue dashed-dotted
line), Q = Qc
2
(red dashed line) and Q = Qc(green filled solid line) for (a), (b), (c), but for (d) only, Q = 0 is
considered. The brown solid line is reference circle. The detail of parameters are shown in table I (see Appendix).
In following, using the parameters which are introduced by Hioki and Maeda [33], we
analyze deviation from circular form (δs) and the size (Rs) of the shadow image of the
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black hole. For calculating these parameters, we consider five points (αt, βt),(αb, βb), (αr, 0),
(αp, 0) and (α¯p, 0) which are top, bottom, rightmost, leftmost of the shadow and leftmost of
the reference circle (see Fig .2 [34]) respectively, so we have
Rs =
(αt − αr)2 + β2t
2(αt − αr)
. (24)
and
δs =
(α¯p − αp)
Rs
, (25)
In Fig. 3, we show the plot of Rs and δs for different values of Q. We show that, by increasing
Q, δs increases and Rs decreases. It means that, the larger value of electric charge leads to
decreasing in the size and increasing in the distortion of the shadow of black hole.
FIG. 2: The black hole shadow and reference circle. ds is the distance between the left point of the shadow and the reference
circle.
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(a) Rs and Q for θo =
pi
2
(b) δs and Q for θo =
pi
2
FIG. 3: Changes of Rs and δs for an observer at r →∞. a ≃ 0, a = 0.5 and a = 0.7 for the blue (dash-dotted line), the red
(dashed line) and the black (solid line) respectively.
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Energy emission rate
In this part, we study the possible visibility of the Kerr-Sen dilaton-axion black hole
through shadow. In the vicinity of limiting constant value, the cross section of the black
hole’s absorption moderate lightly at high energy. We know that a rotating black hole can
absorb a electromagnetic waves, so the absorbing cross section for a spherically symmetric
black hole is [35]
σlim = piR
2
s, (26)
using above equation (26), the energy emission rate is [36]
d2E
dωdt
=
2piR2s
e(
ω
T
) − 1ω
3, (27)
where T is the Hawking temperature and ω the frequency. The Hawking temperature for
this black hole, is obtained by the outer event horizon r+ and mass of black hole M as follow
r+ = M −
Q2
2M
+
√
(M − Q
2
2M
)2 − J
2
M2
, (28)
M(S,Q, J) =
√
4pi2J2 + 2piQ2S + S2
4piS
. (29)
where J = a
M
and S is the entropy of the black hole, which is equal to
S = pi(r2+ + a
2). (30)
Using (T = ∂M
∂S
), the Hawking temperature is
T =
S2 − 4pi2J2
4S
√
4pi3J3S + 2pi2Q2S2 + piS3
. (31)
Fig. 4 shows the plots of d
2E
dωdt
versus ω. As one can see, energy emission rate decreases by
increasing Q.
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(a) a = 0 (b) a = 0.2
(c) a = 0.5 (d) a = 0.7
FIG. 4: Plot showing the behavior of energy emission rate versus the frequency ω for a = 0, a = 0.2, a = 0.5 and a = 0.7 in
(a), (b), (c) and (d). The value of Q increases in each plot from top to down. The detail of parameters are shown in
table II(see Appendix).
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5. SHADOW OF BLACK HOLE IN THE PRESENCE OF PLASMA AT r −→∞
In this section, we will analyze the shadow of Kerr-Sen dilaton-axion black hole in the
presence of plasma for an observer at infinity. The travel of radiation for an isotropic and
dispersive environment in General Relativity, was studied by Bicak and Hadrava [37] in 1975.
Furthermore, in Refs. [38–40], the shadow of different black hole in the presence of plasma,
has been investigated. So, in this part, we analyze the influence of the plasma parameter,
on the image of black hole’s shadow in Kerr-Sen dilaton-axion space-time. The refraction
index of plasma n, which is connected to the photon four-momentum, is [41]
n2 = n2(xi, ω) = 1 +
pαp
α
(pβuβ)2
(32)
where uβ, is the velocity for an observer, and for the vacuum environment, n is equal to 1.
For analytical result, we introduce the specific form of plasma frequency as [42]
n2 = 1− ω
2
e
ω2v
, (33)
where, ωv and ωe, are photon frequency and plasma frequency, respectively. With the
equation of Hamilton-Jacobi for this geometry [43]
∂S
∂τ
= −1
2
[gijpipj − (n2 − 1)(p0
√
−g00)2]. (34)
The equations of motion of photons in the presence of plasma can be calculated as
ρ4(
dr
dτ
)2 = −∆r(K + εr(r + rα))
+
(
(a2 + r(r + rα))E − aL
)2
+ (r(r + rα) + a
2)2(n2 − 1)E2 = R(r), (35)
ρ4(
dθ
dτ
)2 = ∆θ(K − εa2cos2θ)−
1
sin2θ
(
aEsin2θ − L
)2 − (n2 − 1)a2E2 sin2 θ = Θ(θ), (36)
ρ2(
dϕ
dτ
) =
a
∆r
(
(a2 + r(r + rα))E − aL
)
− 1
sin2θ
(aEsin2θ − L), (37)
ρ2(
dt
dτ
) =
(a2 + r(r + rα))
∆r
(
(a2 + r(r + rα))n
2E − aL)− a(an2Esin2θ − L). (38)
We consider the plasma frequency as [44]
ω2e =
4pie2N(r)
me
, (39)
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where, N(r), is the plasma number density. Also, in Eq. (39) m and e are mass and electron
charge. We can consider the plasma number density as below
N(r) =
N0
rh
, (40)
So, we have
ω2e =
4pie2N0
merh
, (41)
in which, h ≥ 0. In following, for this case, we consider h = 1 [45] and 4pie2N0
me
= k, so
ω2e =
k
r
, (42)
and
n =
√
1− k
r
. (43)
In following, we obtain the constants of motion (i.e. η and ξ), using R(r) = 0 and R˙(r) = 0
conditions in Eq. (35). Then, for an observer in equatorial plane θo=pi/2, the celestial
coordinates (20)– (21) are
α = − ξ
n
,
β =
√
η + a2 − n2a2
n
. (44)
Now, some examples of black hole’s shadow in the presence of plasma are plotted by using
α and β, in Fig. 5. In this figure, we show that, the shape and the size of shadows are
dependent to plasma parameter, spin and Q. One can see that, the asymmetry of black
hole’s shadow increases by increasing a and the size of shadow decreases by increasing Q,
which these influences are similar to the vacuum state.
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(a) a = 0 (b) a = 0.5
(c) a = 0.7 (d) a = 0.8
FIG. 5: Shadow of the black hole in the presence of plasma for different values of rotation parameter, a = 0, a = 0.5, a = 0.7
and a = 0.8 in (a), (b), (c) and (d) respectively. In (a), (b) and (c) Q = 0, Q = Qcrit
2
and Q ≃ Qcrit is shown by blue
dashed-dotted line, red dashed line and green solid filled line respectively but in (d), Q = 0.1 is plotted. The plasma
parameter in these figures is k = 0.15. The solid brown circle is reference circle. The detail of parameters are shown
in table III(see Appendix).
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In Fig. 6, the effect of plasma parameter k, has been investigated on the size of shadow.
We show that in the presence of plasma, the size of black hole’s shadow decreases by in-
creasing k. Note that, the spin parameter a, has an important role in these changes. It
means, there is no difference between image of shadow in vacuum and in the presence of
plasma when a = 0, but this difference appears by increasing a. So, the radius of black
(a) a ≃ 0 (b) a = 0.5
(c) a = 0.7 (d) a = 0.8
FIG. 6: Shadow of the black hole in the presence of plasma for different values of the rotation parameter a = 0, a = 0.5,
a = 0.7 and a = 0.8 in (a), (b), (c) and (d) respectively and Q = 0. In each figure, k = 0, k = 0.1 and k = 0.2 is
shown by blue dashed-dotted line, red dashed line and green solid filled line respectively.
hole’s shadow in the presence of plasma, is always equal to or less than the vacuum state.
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6. CONCLUSIONS
In this article, we studied the black hole’s shadow in the vacuum state and in the presence
of plasma for an observer at infinity. For analyzing the shadow, first we calculated geodesic
equation for this space-time, then using geodesic equation, some example of shadow images
were plotted. The results show that, some properties of black hole’s shadow, like size and
symmetry, are dependent to space-time parameters. It means that, for all cases (vacuum-
plasma), the size of shadow image decreases by increasing electric charge, also the symmetry
of black hole’s shadow deviates from circular form, by increasing a. Moreover, the size of
black hole’s shadow in vacuum is bigger than or equal to the size of shadow in the presence
of plasma. Also, the energy emission rate for different value of a was plotted and we see
that the energy emission rate decreases by increasing Q. Details of each figure, are shown
in table(I–III) (see Appendix). For future research, it would be interesting to study photon
region in Kerr-Sen dilaton-axion black hole.
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Appendix
Constant parameters Fig.1 a Qcrit r+ − r−
(a) 0 1.3 0.28,0.028
θO =
pi
2 (b) 0.5 1 0.5,0.5
M = 1 (c) 0.7 0.7 1.03,0.47
(d) 1 0 1
TABLE I: The details of parameter in Fig.1, for an observer at infinity, the electric charge and spin parameter were
investigated in this figure in vacuum.
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Fig.4 a Q T r+ Rs
≃ 0 0.7 0.1380
pi
1.5 4.7
(a) ≃ 0 1 0.1397
pi
0.99 4
≃ 0 1.1 0.1308
pi
0.77 3.8
≃ 0 1.2 0.089
pi
0.54 3.6
0.2 0 12100pi 1.97 5.2
(b) 0.2 1 11100pi 0.95 4.1
0.2 1.05 10100pi 0.85 3.9
0.2 1.1 7100pi 0.73 3.8
0.5 0 12100pi 1.86 5.2
(c) 0.5 0.4 1181000pi 1.69 5.05
0.5 0.5 1171000pi 1.59 5
0.5 0.6 1131000pi 1.46 4.85
0.7 0 11100pi 1.71 5.2
(d) 0.7 0.2 10100pi 1.66 5.15
0.7 0.4 981000pi 1.51 5
0.7 0.5 891000pi 1.4 4.9
TABLE II: The details of parameter in Fig.4 .
Constant parameters Fig.5 a Qcrit r+ − r−
k = 0.15 (a) 0 1 0.99–0.008
θO =
pi
2 (b) 0.5 0.85 1.03–0.24
M = 1 (c) 0.7 0.5 1.4–0.35
(d) 0.8 0.1 1.58–0.40
TABLE III: The details of parameter in Fig.5, for an observer at infinity, the electric charge (Q) and spin parameter (a) were
investigated in this figure in the presence of plasma.
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